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0 Introduction.
Let V • be a graded vector space of finite total dimension over field k. The
derived variety of complexes ([KP]) is a dg-scheme RCom(V •) characterized by
the following property: for a commutative differential graded algebra A over k
the set of maps Hom(SpecA,RCom(V •)) is the set of differentials in the total
complex of A⊗V • “going in the direction of V •”, making it a twisted complex.
In this paper we will describe a 1-shifted Poisson structure on the quotient
of RCom(V •) by the infinitesimal action of a subgroup of automorphisms of V •
with superdeterminant 1. Moreover, this Poisson structure can be upgraded (up
to a quasi-isomorphism) to a structure of Batalin-Vilkovisky manifold. Since the
ring of functions on RCom(V •) can be explicitly expressed as a cochain complex
of certain graded Lie algebra associated to V • we look at this Lie algebra for a
source of such structures.
0.1 If G is a classical Poisson-Lie group, the Schouten-Nijenhuis bracket on
the polyvector fields translates to a bracket on the differential forms Ω•G. To-
gether with the de Rham differential and product it equips Ω• with a differential
Gerstenhaber algebra structure ([Kos]).
We mimic this construction in the case of n-shifted graded Lie bialgebra g
to obtain an (n+1)-shifted Poisson structure on the cochain complex C•(g, k).
0.2 In the second section we apply this result in the case of derived variety
of complexes and using the standard bialgebra sturcture on gl(m,n) obtain a
1-Poisson structure on the infinitesimal quotient RCom(V •)/l1, where l1 is a
subalgebra of gl(V •) of supertrace 0 elements.
We also define a derived variety of 1-periodic complexes, that possesses a
non-shifted Poisson structure, extending Kirillov-Kostant structure on gl∗n.
0.3 Although the cochain complex of a graded Lie bialgebra does not necessar-
ily possess a Batalin-Vilkovisky operator, in some cases it is quasi-isomorphic
as a differential Gerstenhaber algebra to a differential BV-algebra. In the last
section we give a sufficient condition for existence of such quasi-isomorphism,
which applies to the case of the quotient RCom(V •)/l1.
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1 Shifted Lie bialgebras.
Let V • =
⊕
V i be a graded vector space over field k, such that each V i is of
finite dimension.
Definition 1.1 An n-shifted Lie bialgebra is a graded Lie algebra (V •, [−,−]),
with a cobracket ϕ : V •[−n] → V •[−n]⊗V •[−n], such that the dual map ϕ∗ is
a graded Lie algebra structure on (V •[−n])∗, and the composition
V
ϕ[n]
// (V [−n]⊗V [−n])[n]
≃
// (V ⊗V )[−n]
is a 1-cocycle with coefficients in (V ⊗V )[−n], i.e., it satisfies the following
condition:
ϕ([x, y]) = adxϕ(y)− (−1)
x¯y¯adyϕ(x),
where x¯ and y¯ are degrees of x and y in V •.
Abusing notation we denote the cocycle also by ϕ.
Definition 1.2 An n-shifted Manin triple is a triple of graded Lie algebras
(p, p+, p−), with non-degenerate invariant symmetric bilinear form (−,−) : S
2p→
k[n], such that p = p+ ⊕ p− as a graded vector space, p+ and p− are Lie subal-
gebras of p isotropic with respect to the bilinear form.
We have the following analog of the classical result:
Lemma 1.3 n-shifted Lie bialgebra structures on g are in bijection with n-
shifted Manin triples (p, p+, p−) with p+ = g.
We begin with a Manin triple and will construct the bialgebra structure on
g = p+. Using the bilinear form, we can identify p− with p
∗
+[n] by sending x to
(x,−). Restriction of the Lie bracket to p− defines the cobracket ϕ
∗. Let {ei}
be a basis of g, and {f i} — the dual basis of g∗. We will denote the element of
p− corresponding to f
i by f i[n], so that (f i[n], ej) = δ
i
j .
Let [ei, ej ] = c
k
ijek and ϕ
∗(f i[n], f j [n]) = γijk f
k[n]. Using the invariance of
the bilinear form we find that
[ej , f
i[n]] = (−1)ei(n+1)γikj ek − (−1)
ej(fi−n)cijkf
k[n].
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Expanding the Jacobi identity we obtain
[[ei, ej ], f
k[n]]− [ei, [ej , f
k[n]]] + (−1)eiej [ej, [ei, f
k[n]]] =
(−1)1+(f
k−n)emckmpc
m
ij f
p[n] + (−1)ek(n+1)γkqm c
m
ij eq+
(−1)1+ek(n+1)γkmj c
q
imeq + (−1)
ej(fk−n)+em(n+1)γmqi c
k
jmeq+
(−1)1+ej(f
k−n)+ei(fm−n)ckjmc
m
ipf
p[n]+
(−1)eiej+ek(n+1)γkmi c
q
jmeq + (−1)
1+eiej+ei(fk−n)+em(n+1)γmqj c
k
imeq+
(−1)1+eiej+ei(f
k−n)+ej(fm−n)ckimc
m
jpf
p[n]
Combining coefficients of fp[n] we obtain the Jacobi identity for g. Now
we want to show that the coefficients of eq provide the cocycle condition for ϕ.
Using structure constants γ we write
ϕ(ek) = (−1)
eiej+neiγijk ei⊗ ej [−n] ∈ (g⊗ g)[−n],
and the cocycle condition becomes
(−1)ekeq+nekγkqm c
m
ij = (−1)
emeq+nemγmqj c
k
im + (−1)
ekem+nek+eiekγkmj c
q
im+
(−1)1+eiej+emeq+nemγmqi c
k
jm + (−1)
1+eiej+ekem+nek+ejekγkmi c
q
jm.
It remains to compare the signs of the corresponding coefficients.
The proof of the lemma in the other direction is similar.
Proposition 1.4 For an n-shifted Lie bialgebra g the dual g′ = g∗[n] is also an
n-shifted Lie bialgebra.
Immediately follows by interchanging roles of p+ and p− in the Manin triple
associated to g.
Proposition 1.5 Let (g, [−,−], ϕ) be an n-shifted Lie bialgebra, then the cochain
complex with trivial coefficients C•(g) = C•(g, k) = S•(g∗[−1]) is a differential
(n+ 1)-shifted Poisson algebra.
We will denote by |a| the degree of a cochain a in C•(g), so that for any
x ∈ g∗, considered as a cochain we have |x| = x¯+1. Define the Poisson bracket
on g∗[−1] as 〈x[−1], y[−1]〉 = ϕ∗(x[n], y[n]) ∈ (g∗)x¯+y¯−n ⊂ C|x|+|y|−n−1(g),
and extend to the entire cochain complex using the derivation relation 〈x, yz〉 =
〈x, y〉 z+(−1)(|x|−n−1)|y|y 〈x, z〉. The commutation and Jacobi identities for the
Poisson bracket are equivalent to those of the cobracket ϕ∗.
It remains to show the compatibility of the derivation d of the cochain com-
plex and the Poisson bracket:
d 〈x, y〉 = 〈dx, y〉+ (−1)|x|−n−1 〈x, dy〉 . (1.5.1)
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Using notations from the previous lemma we have
〈
f i[−1], f i[−1]
〉
= γijk f
k[−1],
d(fk[−1]) = (−1)epeq+epckpqf
p[−1]f q[−1],
and it is easy to see that the relation (1.5.1) is equivalent to the cocycle condition
for the Lie bialgebra.
Corollary 1.6 Let (g, [−,−], ϕ) be an n-shifted Lie bialgebra, then the coho-
mology ring H•(g, k) is an (n+ 1)-shifted Poisson algebra.
Example 1.7 Let g be a graded Lie algebra, it has always the trivial n-shifted
Lie bialgebra structure given by the zero cobracket. The dual Lie bialgebra g′ is
an abelian Lie algebra with an n-shifted cobracket. It’s cohomology H•(g′, k) =
C•(g′) = S•(g[−n−1]) is an (n+1)-shifted Poisson algebra. For n = 0 this is the
usual Gerstenhaber algebra structure on the Λ•g (in fact a Batalin-Vilkovisky
algebra).
Example 1.8 Now let g be the graded Lie algebra gl(m,n), and fix a Borel
subalgebra b+ in g. Denote by b− the opposite Borel subalgebra. We use Manin
triples to define a (non-shifted) Lie bialgebra structure on it. g is spanned by
elementary matrices eij with 1 in position (i, j) and 0 otherwise, and diagonal
matrices ai with 1 in position (i, i). Consider the supertrace bilinear form
(a, b) = tr(ab) on g. In this basis it is given by (eij , eji) = (−1)
αi , (ai, ai) =
(−1)αi and 0 otherwise. Here αi is the degree of the i-th basis vector in the
defining representation of g, i.e. αi = 0 for 1 6 i 6 m and αi = 1 for m < i 6
m+ n. This is a non-degenerate symmetric g-invariant bilinear form.
Consider the triple consisting of p = g ⊕ g as a graded Lie algebra, p+ —
the image of the diagonal map from g to p, and p− = {(x, y) ∈ b+⊕ b− | p(x)+
p(y) = 0}, where p : b± → h are projections of the Borel subalgebras on the
Cartan subalgebra. Extend the bilinear form from g to p by ((x1, y1), (x2, y2)) =
(x1, x2)− (y1, y2). This turns the triple (p, p+, p−) into a Manin triple.
If q is parabolic subalgebra of g, containing b+, then the orthogonal q
⊥ ∈ g∗
is identified via the form on p with a nilpotent ideal in b−. Therefore the
cobracket ϕ restricts to q and obviously satisfies the cocycle condition.
Example 1.9 Let b ⊂ gln is a Borel subalgebra with the restriction of the stan-
dard bialgebra structure on gln. In this case the cohomology groups H
•(b, k) =
Λ•h∗, where h is the Cartan subalgebra of gln, and the induced Poisson bracket
is trivial.
However this is not the case for the graded Lie algebras. For example,
consider a Borel subalgebra b ⊂ sl(1, 1). It has trivial bracket, and H•(b, k) =
k[x]⊗Λ[t], where x is the dual of e12 ∈ b, and t dual of the identity matrix
h. The restriction of the standard Lie bialgebra structure of gl(1, 1) gives the
cobracket ϕ(e12) =
1
2h∧ e12. The Poisson bracket on H
•(b, k) is defined on the
generators as
〈x, x〉 = 〈t, t〉 = 0, 〈t, x〉 = x.
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Example 1.10 Consider a connected compact Poisson-Lie group G. Denote
by Ω•G and P •G the differential forms and polyvector fields respectively. The
Poisson structure is given by a bivector w ∈ P 2G, such that [w,w] = 0. This
bivector induces the map p : Ω1G→ P 1G defined by p(α)(β) = w(α, β). It can
be extended to a morphism of complexes p : (Ω•G, d)→ (P •G, dw = [w,−]).
Now, let iw : Ω
nG→ Ωn−2G denote the contraction with bivector w, so that
iw(αβ) = w(α, β). Define degree −1 map B as the commutator [iw, d]. The
induced bracket on the forms
〈ω1, ω2〉 = (−1)
ω1(B(ω1ω2)−B(ω1)ω2 − (−1)
ω1ω1B(ω2))
is mapped to the Schouten bracket of polyvector fields by p. Since iw provides
homotopy for B the induced operator on cohomology and the corresponding
bracket vanish.
Recall that in this case the inclusion Λ•g∗ →֒ Ω•G as left invariant forms
is a quasi-isomorphism. The bialgebra structure on g is defined by providing
a bracket on g∗, namely ϕ∗(x, y) = (diw(xy))e, where x and y are considered
both as elements of g∗ and left invariant forms on G, and the subscript denotes
taking value at the identity point e in G.
Even though the map B itself does not preserve left invariant forms, the
induced bracket does, and it coincides with the Lie bialgebra cobracket. Indeed,
since B = [iw, d], we have
〈α, β〉 = diw(αβ) − iwd(αβ) + iw(dα)β − αiw(dβ).
Expanding the second term using d(αβ) = (dα)β − αdβ, we find
〈α, β〉 = diw(αβ)− ip(β)(dα) + ip(α)(dβ).
For any Poisson-Lie group we = 0, therefore 〈x, y〉e = diw(xy)e = ϕ
∗(x, y).
Since the inclusion as left invariant forms induces isomorphism H•(g, k) ≃
H•(G, k), we see that the 1-shifted Poisson structure on H•(g, k) is trivial.
For the general facts on Poisson-Lie groups used here, we refer to [LW],
[Kos].
1.11 Relation to the 2-shifted symplectic structure on BG.
Recall the definition of the 2-shifted symplectic structure onBG from [PTVV].
Let G be an affine smooth algebraic group over field k. Assume that it’s Lie
algebra g possesses a non-degenerate invariant symmetric bilinear form. The
cotangent complex on the quotient stack BG is g∗[−1], so that the bilinear
form considered as an element of
H0Hoch(G,Λ
2(g∗[−1])) ≃ (S2g∗)G,
is a 2-shifted 2-form on BG.
Now assume that G is a Drinfeld double of a Poisson Lie group K. Then
we have a Manin triple of corresponding Lie algebras (g, g+ = k, g− = k
∗), and
g is equipped with a symmetric bilinear form, such that k is identified with an
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isotropic subalgebra of g. Then the map of the quotient stacks i : BK → BG
is Lagrangian. It is straightforward to see, using the characterization of La-
grangian maps in [Ca]. The cotangent complex LBK is identified with k
∗[−1] ≃
g−[−1], and TBK = k[1] is clearly the kernel of the map i
∗TBG → LBK [2],
induced by the bilinear form.
Here we work with the profinite completion Ĝ of G at identity. The ring
of functions on Ĝ is (Ug)∗, and for the quotient BĜ the Hochschild cochain
complex C•Hoch(Ug, k) is quasi-isomorphic to the cochain complex of the Lie
algebra C•(g, k). The results of this section can be viewed as construction of a
1-shifted Poisson structure on BK̂.
It fits well into the point of view of an n-Poisson structure as a bivector of
degree −n on BK̂ ([PTVV]). Since the tangent bundle to K̂ is k[1], for n = 1
we have
H0(C•Hoch(K̂, S
2(T
BK̂
[−n− 1]))[n+ 2]) = H1Hoch(K̂,Λ
2k) = H1(k,Λ2k).
Which is a 1-cocycle with coefficients in Λ2k. The co-Jacobi condition for the
cocycle is equivalent to the Poisson condition for the bivector.
Because of this analogy we will use the following terminology:
Definition 1.12 The infinitesimal quotient of an affine dg-scheme X = SpecA
by an action of a Lie algebra g is the spectrum of dg-algebra (in general with
components of both positive and negative degrees) C•(g, A).
1.13 Formal classifying space of a graded Lie algebra.
In the case when g is a graded Lie algebra we define the formal classifying
space Bg of g as affine dg-scheme SpecC•(g, k). The tangent bundle to Bg is
g[1] with adjoint action of g, so that the complex of derivations Der(C•(g)) is
isomorphic to C•(g, g[1]).
Now, if g is equipped with an n-shifted symmetric invariant non-degenerate
scalar product (−,−), then Bg is an (n + 2)-shifted symplectic manifold with
the form
ω ∈ Hn+2(g,Λ2(g∗[−1])) = H0(g, (S2g∗)[n]),
corresponding to the scalar product. Let us describe the Poisson bracket for
this symplectic structure.
As before, for an element a of g we denote by a it’s degree in g. Let p : g→
g∗[n] be the isomorphism induced by the scalar product, then the degree of
p(a) as an element in C•(g) is |p(a)| = a + n + 1. On the linear functions the
(n+ 2)-shifted Poisson bracket is given by
{p(a), p(b)} = (−1)a(a, b).
The Jacobi identity is trivially satisfied. To establish the compatibility with the
differential:
{dp(a), p(b)}+ (−1)|p(a)|−n{p(a), dp(b)} = d{p(a), p(b)} = 0,
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we observe that {p(a), dp(b)} = Ada(p(b)), then use g-invariance of isomorphism
p and commutation of the Lie bracket of g.
Now let (g, g+ = k, g− = k
∗[n]) be an n-shifted Manin triple. Denote by
i : Bk → Bg the map of the formal classifying spaces induced by the inclusion
of k as a subalgebra of g. We have the short exact sequence of k-modules
k[1]→ g[1]→ g−[1] ≃ k
∗[n+1]. It identifies the tangent bundle TBk = k[1] with
the kernel of the map i∗TBg → LBk[n + 2]. Therefore the map i : Bk → Bg is
Lagrangian ([Ca]).
2 Poisson structures on the derived varieties of
complexes.
Let V • be a graded vector space over a field k of characteristic 0, with only
finitely many non-zero spaces, and each V i of finite dimension. Recall con-
struction of RCom(V •) from [KP]. Consider the graded Lie algebra End(V )
of endomorphisms of the total vector space or all degrees. Denote by q the
parabolic subalgebra
q =
⊕
i6j
Hom(V i, V j)[i − j].
We have the Levi decomposition q = l ⊕ n, where l is the Levi subalgebra
and n the nilpotent radical of q:
l = gl(V •) =
⊕
i
gl(V i), n =
⊕
i>j
Hom(V i, V j)[i− j].
Definition 2.1 The derived variety of complexes RCom(V •) is an affine dg-
scheme SpecC•(n, k).
Choose a basis {vi} of V
•, and set αi = j if the corresponding basis vector
vi ∈ V
j . For convenience enumerate basis vectors so that αi 6 αi′ if i < i
′.
Denote by eij = vi⊗ v
∗
j , the basis vector of End(V ) of degree eij = αj − αi.
2.2 Poisson bracket induced by the standard Lie bialgebra structure.
We may identify q with the Lie subalgebra of block upper triangular matri-
ces (including the diagonal blocks) and n with the block strict upper triangular
matrices. Let b+ be the Borel subalgebra of upper triangular matrices, then us-
ing the same construction as in example 1.8, we obtain a Lie bialgebra structure
on q.
Now let l1 = l ∩ sl(V ) and q1 = q ∩ sl(V ), where sl(V ) is the subalgebra
of End(V ) consisting of elements with supertrace 0. The orthogonal of q1,
identified with n−⊕ k, is an ideal in End(V )
∗ with respect to the Lie cobracket,
hence the bialgebra structure restricts to q1 as well.
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By proposition 1.5 we have a 1-shifted differential Poisson structures on the
C•(q, k) and C•(q1, k). First we will show that Poisson bracket on C
•(q) in-
duces trivial bracket on the cohomology. Consider the Hochschild-Serre spectral
sequence associated to the quotient q/n:
Epq2 = H
p(l, Hq(n, k))⇒ Hp+q(q, k).
Since l is a reductive Lie algebra, it is sufficient to look at submodule of l-
invariants in H•(n, k). Because of weight considerations (l contains the Cartan
subalgebra) H•(n)l = H0(n) = k, so that the spectral sequence degenerates and
H•(q, k) = H•(l, k).
After changing base from k to C, it remains to show that the Poisson bracket
onH•(gln(C)) is trivial. This can be done using the argument similar to example
1.10.
However the Poisson bracket induced on H•(q1, k) in general is not trivial,
as was seen in example 1.9.
Theorem 2.3 The infinitesimal quotient (in the sense of 1.12) of the derived
variety of complexes RCom(V •)/l1 has structure of a 1-shifted Poisson manifold.
Follows immediately from the discussion above and observation that
RCom(V •)/l1 := SpecC
•(l1, C
•(n, k)) ≃ SpecC•(q1, k).
Remark 2.4 Instead of taking the infinitesimal quotient we could consider
the quotient stack RCom(V •)/GL(V •)1, where GL(V
•) =
∏
iGL(V
i), and
GL(V •)1 is the subgroup consisting of elements (g1, . . . , gn) with
∏
i
(det gi)
(−1)i = 1.
One may ask if the 1-Poisson structure of the theorem lifts to a Poisson bivector
on this quotient stack.
2.5 gl(n, n) as a Drinfeld double and Poisson structures on the derived
variety of complexes.
Let p = gl(n, n), fix a Borel subalgebra b+ in p and define bilinear form
(−,−) as in 1.8. Fix also a permutation θ of the set {1, 2, . . . , n}, and denote by
hθ+ and h
θ
− the subspaces of Cartan subalgebra h of p spanned by {ai+an+θ(i)},
and {ai − an+θ(i)} respectively, 1 6 i 6 n. Let g
θ = pθ+ = n+ ⊕ h
θ
+ and
pθ− = n− ⊕ h
θ
−.
It is immediate to see that pθ+ and p
θ
− are isotropic subalgebras of p, and the
bilinear form identifies pθ− with the dual of p
θ
+. Therefore we have a (non-shifted)
Manin triple (p, pθ+, p
θ
−), providing g
θ with a Lie bialgebra structure.
Notice that this is not a restriction of the standard Lie bialgebra structure on
gl(n, n) to gθ, except when n = 1, because in general the standard Lie cobracket
doesn’t restrict to gθ.
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2.6 We may relate the cohomology with trivial coefficients of gθ to the coho-
mology of the nilpotent radical n+ computed in [KP]. First, let us restrict to the
quasi-isomorphic subcomplex C•(gθ)h
θ
+ of hθ+-invariant elements. Now, since
C•(gθ)h
θ
+ = Λ•(hθ+)
∗⊗C•(n+)
hθ+ ,
with the differential induced by that of the cochain complex of n+ and zero
differential in the exterior powers, we find
H•(gθ) = Λ•(hθ+)
∗⊗H•(n+)
hθ+ .
The hθ+-invariant subspace of H
•(n+) is the subspace with weights belonging to
the configuration sector S(θ, b+) (see op. cit. 2.3).
2.7 Let V • be a graded vector space with each V i of dimension at most 1, such
that both total odd and total even dimensions are n. Then after appropriate
shuffle permutation End(V ) as Z/2-graded Lie algebra is isomorphic to gl(n, n),
and ideal n defined at the beginning of this section corresponds to the nilpotent
radical of some Borel subalgebra b+. In this setting we have
Proposition 2.8 For each permutation θ ∈ Sn, the infinitesimal quotient of
RCom(V •) by the action of hθ+ has 1-shifted Poisson structure. Each such quo-
tient is a Lagrangian in the formal classifying space (see 1.13):
Bgl(V ) := SpecC•(gl(V ), k).
Moreover, in section 3 we will see that these quotients are up to homotopy
BV-manifolds.
2.9 Derived variety of 1-periodic complexes.
As another application of the machinery developed here we would like to
give a related example of non-shifted Poisson structure on the derived variety
of 1-periodic complexes.
Let V • be a graded vector space with W in each degree i ∈ Z. Define
the space PCom(W ) of 1-periodic complexes on V • as a subspace of End(W )
consisting of all square-zero elements d, so that
. . .
d
// W
d
// W
d
// W
d
// . . .
is an unbounded complex. Let {eij} be a basis of End(W ), and {xij} the cor-
responding dual basis of End(W )∗. The Lie bracket on this dual space provides
the Kirillov-Kostant Poisson bracket on End(W ).
PCom(W ) is an affine variety, it’s ring of functions is the quotient S•(End(W )∗)/I,
where I is the ideal generated by
∑
k xikxkj , for all i, j. It is straightforward to
check that the Kirillov-Kostant bracket induces a well-defined Poisson structure
on PCom(W ). The corresponding symplectic foliation is the decomposition of
PCom(W ) into the union of coadjoint orbits.
Before we define the derived version of PCom(W ) consider the next example.
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Example 2.10 Let A be a finite dimensional symmetric Frobenius algebra
(in degree 0), i.e., an associative algebra equipped with an isomorphism of A-
bimodules θ : A → Hom(A, k). This is equivalent to having a non-degenerate
symmetric bilinear form on A, satisfying the invariance condition (ab, c)A =
(a, bc)A.
Consider the graded Lie algebra A˜ = tA[t], with deg t = 1, so that the Lie
bracket is defined as [atm, btn] = (ab − (−1)mnba)tm+n. We want to show that
A˜ has a (−1)-shifted Lie bialgebra structure. In order to do this consider the
triple (A((t−1)), A˜, A[[t−1]]), with the bilinear form (f, g) = res∞(f, g)A, i.e., the
coefficient of t1 in the series (f, g)A. This is clearly a non-degenerate bilinear
form on A((t−1)), it is symmetric since (−,−)A is symmetric and the form is
non-trivial only if one of the homogenous terms is of even degree.
It remains to show invariance. Let m,n, l are such that m + n + l = 1,
then using symmetry and invariance of (−,−)A and the fact that (−1)
mn =
(−1)(n+l+1)n = (−1)nl we have
([atm, btn], ctl) = (ab− (−1)mnba, c)At =
((a, bc)A − (−1)
mn(ba, c)A)t = (a, bc− (−1)
nlcb)At = (at
m, [btn, ctl]).
The Lie subalgebras A˜ and A[[t−1]] are isotropic with respect to this form,
so we have a (−1)-shifted Manin triple. By proposition 1.5 the cochain complex
C•(A˜, k) is a differential Poisson algebra.
Now return to the space of 1-periodic complexes. Let A = End(W ), with
the trace scalar product (a, b) = tr(ab), for any a, b ∈ A. Construct Lie algebras
A˜ and A[[t−1]] as in example 2.10.
Definition 2.11 The derived variety of 1-periodic complexes on a vector space
W is an infinite dimensional affine dg-scheme
RPCom(W ) = SpecC•(A˜, k) = SpecS•(A[[t−1]]).
In particular it is easy to see that the classical variety PCom(W ) = SpecH0(A˜, k).
From the discussion of example 2.10 it immediately follows that
Theorem 2.12 The derived variety of 1-periodic complexes RPCom(W ) is a
Poisson dg-manifold, and the restriction of the Poisson structure to H0(A˜, k)
coincides with the standard Kirillov-Kostant Poisson structure described above.
3 Batalin-Vilkovisky algebra structure.
A BV∞-algebra A (cf. [CL]) is a commutative graded algebra equipped with
an operator D : A→ A[[h]] of degree 1, such that D2 = 0, D(1) = 0 and in the
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expansion
D =
∞∑
i=1
Dih
i−1,
each Di is a differential operator of order 6 i.
A differential BV algebra is a BV∞-algebra with all Di = 0 for i > 3. In
this case we take h to be of degree 2, and write D = d + Bh, so that d is a
differential in A of degree +1 and B is an operator of order 6 2 and degree −1.
It will be convenient for us to unpack this definition.
Definition 3.1 A differential Batalin-Vilkovisky algebra is a mixed complex
(C•, d, B) (in the sense of [L]), such that (C•, d) is a differential graded algebra
and (C•, B) is a BV-algebra.
3.2 Let g be a non-shifted graded Lie bialgebra, then as we saw before the
cochain complex C•(g, k) = S•(g∗[−1]) has a structure of Gerstenhaber algebra.
As a graded vector space it can be identified with the chain complex of the
dual Lie algebra C•(g
∗, k). The chain differential B considered as a degree −1
operator on the cochain complex is a second order differential operator, with
B2 = 0 and B(1) = 0. It equips C•(g) with a BV algebra structure, generating
the Gerstenhaber bracket constructed before: for any x, y ∈ C•(g) of degrees
|x| and |y|
〈x, y〉 = (−1)|x|(B(xy) − (Bx)y − (−1)|x|xBy).
Notice that in general it is not a differential BV-algebra, since operators B
and d do not commute. However, we will describe a class of Lie bialgebras such
that C•(g, k) is a differential BV-algebra at least up to a quasi-isomorphism.
Since B is a second order operator and d is a first order operator, a priori the
commutator [B, d] is a second order operator. However the cocycle condition
for the Lie bialgebra ensures that it is in fact a derivation.
Lemma 3.3 Let (C•, d, 〈, 〉) be a differential Gerstenhaber algebra, with the
bracket generated by a second order operator B. Then the commutator ∆ =
Bd + dB : C• → C• is a derivation, i.e. it satisfies the Leibniz identity:
∆(xy) = ∆(x)y + x∆(y).
Since C• is a differential Gerstenhaber algebra, we have d 〈x, y〉 = 〈dx, y〉+
(−1)|x|+1 〈x, dy〉. Rewriting brackets using codifferential B, on the left hand
side we have
(−1)|x|dB(xy) + (−1)|x|+1dBx · y +Bx · dy − dx ·By + (−1)|x|+1x · dBy,
and on the right hand side:
(−1)|x|+1B(dx · y) + (−1)|x|Bdx · y − dx · By−
B(x · dy) +Bx · dy + (−1)|x|x · Bdy.
Comparing these two expressions we establish the required identity.
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Corollary 3.4 Let (C•, d, 〈, 〉 , B) be as in the lemma, ∆ = [B, d]. The kernel
Ker∆ is a differential BV-algebra, and the inclusion Ker∆ →֒ C• is a map of
differential Gerstenhaber algebras.
Commutation of ∆ with B and d implies that they restrict to the Ker∆.
Since ∆ is a derivation, Ker∆ is also a subalgebra. Finally the bracket, being
generated by B, can also be restricted to the kernel.
Corollary 3.5 Let (C•, d, B) be a differential BV-algebra, with bracket 〈−,−〉
induced by B. Then (C•, d, 〈−,−〉) is a differential Gerstenhaber algebra.
In a mixed complex the commutator ∆ = 0, so that the relation in the pre-
vious lemma is trivially satisfied. This in turn equivalent to d being a derivation
of the Gerstenhaber bracket.
Corollary 3.6 If g is a graded Lie bialgebra, then the commutator ∆ = [B, d]
is a derivation.
Corollary 3.7 Let g be an involutive graded Lie bialgebra, i.e., the composition
g
ϕ
//Λ2g
[,]
//g
is trivial. Then C•(g), with d and B as before, is a differential BV-algebra.
The vanishing of the composition of Lie bracket and cobracket implies ∆(x) =
0 for all x ∈ C1(g). Since C•(g) is generated as an algebra by C1(g) the state-
ment follows.
Example 3.8 Let g be a coboundary Lie bialgebra, i.e., with the cobracket
given by ϕ(x) = [r, x] for some r ∈ S2(g[1]), with [r, r] ∈ (S3(g[1]))g. Here
[−,−] denotes the Schouten bracket, generated by the differential δ of the chain
complex. We want to find a condition for r for the cochain complex C•(g) to
be a mixed complex. It will be more convenient to look at the dual to the
commutator:
∆∗(x) = [δ, ϕ](x) = δ[r, x] + [r, δx] = [δr, x].
Therefore g is an involutive Lie bialgebra, i.e., ∆ = 0 if and only if δr lies in
the center of g. For example, this is the case for sl(1, 1) with the standard Lie
bialgebra structure, where r = 12e12 ∧ e21, and δr is the identity matrix.
Example 3.9 Now look at the graded Lie algebra g = gl(m,n) with the stan-
dard Lie bialgebra structure. It is a coboundary Lie bialgebra with
r =
1
2
∑
i<j
eij ∧ eji.
Although in this case δr doesn’t in general belong to the center of g, it lies
in the Cartan subalgebra of g. In the case of gl(n) it’s the half-sum of the
positive roots: δr = 12diag(n− 1, n− 3, . . . ,−n+ 1), and for gl(m,n), we have
δr = 12diag(m + n − 1, . . . ,−m + n + 1,m + n − 1, . . . ,m − n + 1). Therefore
∆∗ = [δr,−] acts semi-simply on the chain complex. This is an important case
due to the following lemma.
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Lemma 3.10 Let g be a graded Lie bialgebra. As before, d and B are the
differential and BV operator on the cochain complex C•(g). If ∆ = [B, d] acts
semi-simply on g∗, then the embedding Ker∆ →֒ C•(g) is a quasi-isomorphism
of differential Gerstenhaber algebras.
Using the Leibniz identity of lemma 3.3 we see that ∆ acts semi-simply
on all Cn(g). Since it commutes with the differential we have the direct sum
decomposition of the cochain complex C•(g) =
⊕
λC
•(g)λ into eigenspaces of
∆. Now, by definition, B is a homotopy for ∆, so that ∆ acts trivially on
the cohomology groups of g, therefore Ker∆ = C•(g)λ=0 is a quasi-isomorphic
subcomplex of C•(g).
Example 3.11 Let us return back to the setting of section 2. The quotient
of the derived variety of complexes RCom(V ) on a graded vector space V • by
the Lie algebra l1 of infinitesimal automorphisms with supertrace 0, is identified
with the spectrum of the differential graded algebra S•(q∗1[−1]) where q1 is the
parabolic subalgebra of endomorphisms of the total space V with 0 supertrace
and of non-negative degree. The r-matrix for the standard Lie bialgebra is given
by the same expression as in the example 3.9. We express r as an element in
Λ2g rather than S2(g[1]) to simplify signs.
Because δr is a diagonal matrix, it acts semisimply on S•(q∗1[−1]), and
according to the lemma the kernel of the coadjoint action Ad∗δr is a quasi-
isomorphic Gerstenhaber subalgebra. In other words
Theorem 3.12 The infinitesimal quotient of the derived variety of complexes
RCom(V •)/l1 is a homotopy BV-manifold.
Example 3.13 It is clear from the construction of the Lie bialgebra structure
on gθ from section 2.5 that the action of the commutator ∆ on (gθ)∗ is semi-
simple, and according to lemma 3.10, Ker∆ is a quasi-isomorphic Gerstenhaber
subalgebra of C•(gθ).
Proposition 3.14 Under assumptions of example 2.7 the infinitesimal quotient
RCom(V •)/hθ+ is a homotopy BV-manifold.
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